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Abstract
The stability of black holes and solitons in d-dimensional Anti-de Sitter (AdSd) space-time against scalar field
condensation is discussed. The resulting solutions are “hairy” black holes and solitons, respectively. In particular, we
will discuss static black hole solutions with hyperbolic, flat and spherical horizon topology and emphasize that two
different type of instabilities exist depending on whether the scalar field is charged or uncharged, respectively. We
will also discuss the influence of Gauss-Bonnet curvature terms. The results have applications within the AdS/CFT
correspondence and describe e.g. holographic insulator/conductor/superconductor phase transitions.
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1. Introduction
Black holes are very intriguing objects that constitute
exact solutions of Einstein’s equations (and generaliza-
tions thereof). It is well known that 4-dimensional black
holes of the Einstein-Maxwell equations are uniquely
characterized by a small number of quantities that are
subject to a Gauss’ law. These are the mass M, the
charge Q and the angular momentum J. Furthermore,
black holes possess a well defined temperature T =
~κ/(2pikBc) and entropy S = kBc3A/(4G~) given in
terms of the surface gravity κ and the area of the black
hole horizon A. Here ~ is Planck’s constant, kB Boltz-
mann’s constant, c the speed of light in vacuum and G
Newton’s constant, respectively. While the appearance
of ~, G and c in these relations indicates clearly that
quantum physics and General Relativity are involved,
the appearance of kB is more surprising since this is
usually connected to thermodynamical system. Study-
ing the laws of Black hole mechanics more closely and
comparing them to the laws of thermodynamics reveals
that their is an apparent resemblance. However, it is
important to note that the entropy of a black hole is en-
coded in a 2-dimensional surface A - very unlike the
entropy of a standard thermodynamical system which is
proportional to the 3-dimensional volume. This already
hints to the fact that black holes are special systems that
show “holographic” features.
Since the advent of the gravity/gauge theory duality
[1] and in particular the Anti-de Sitter/Conformal Field
Theory (AdS/CFT) correspondence [2] it is now ob-
vious that holographic dualities play a very important
roˆle in black hole physics. The AdS/CFT correspon-
dence states that a gravity theory in a d-dimensional
asymptotically AdS space-time is dual to a conformal
quantum field theory on the (d-1)-dimensional bound-
ary of AdS. This duality is a weak-strong coupling du-
ality which allows to study strongly coupled Quantum
Field Theories with the help of black hole and soliton
solutions of standard General Relativity. This has e.g.
been used to study the phenomenon of high-temperature
superconductivity [3, 4, 5]. In these models the black
hole becomes unstable to form non-trivial fields outside
its horizon when being close to extremality. The value
of these bulk fields on the AdS boundary then corre-
spond to sources in the dual theory. As such it is of im-
portance to understand the stability of black holes and
solitons in AdS space-time. A central roˆle in the dis-
cussion of stability of AdS black holes with respect to
formation of scalar fields outside the horizon plays the
Breitenlohner–Freedman (BF) bound [6]. This states
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that for scalar mass m2 ≥ m2BF,d = −(d − 1)2/(4L2)
the d-dimensional AdS space-time is stable. Here L2
is the AdS curvature radius. In fact, two different type
of instabilities appear for AdS black holes depending
on whether the scalar field is uncharged or charged, re-
spectively. For an uncharged scalar field the instability
is related to the fact that close to extremality the near-
horizon geometry is typically given by AdS2 × Md−2,
where Md−2 is a (d-2)-dimensional manifold [7, 8, 9],
while the black hole is asymptotically AdSd. Now,
choosing the scalar mass m2 above the d-dimensional
BF bound, but below the 2-dimensional BF bound will
make the black hole become unstable to formation of
scalar hair close to the horizon, while it still asymptotes
to AdS. In [3] it was realized that an AdS black hole
can also become unstable to the formation of a charged
scalar field. This is connected to the coupling between
the gauge field and the scalar field which leads to an
effective mass term m2eff = m
2 − e2|gtt |A2t in the equa-
tion for the scalar field. Here e2 is the gauge coupling,
At the time-component of the gauge potential and gtt
the tt-component of the metric tensor. Now, close to
the horizon of a black hole this component can become
very large such that m2eff drops below the BF bound,
while asymptotically m2eff = m
2 ≥ m2BF,d. Here, I will
discuss both type of instabilities for different type of
black holes and solitons in AdS space-time. Another
interesting question related to the application within
the AdS/CFT correspondence is how the obtained re-
sults depend on the gravity model used. Within the
gauge/gravity duality the couplings are related as fol-
lows λ = (L/ls)4 = g2N, gs ∼ g2, where λ is the ’t
Hooft coupling, N the rank of the gauge group with
gauge coupling g, ls the string scale and gs the string
coupling. Now, the limit gs → 0, ls/L→ 0 corresponds
to standard Einstein gravity which is dual to a strongly
coupled Quantum Field Theory with N → ∞. Taking
1/N corrections into account would then correspond to
considering higher order curvature corrections on the
gravity side. Here, I will discuss the influence of the
Gauss-Bonnet term that appears as first order correction
in certain String Theory models.
In Section 2, I will give the model, while I will dis-
cuss recently obtained results in Section 3. I conclude
in Section 4.
2. The Model
The model that was studied extensively in [10, 11, 12,
13, 14] is given by the following action:
S =
∫
d5x
√−g (16piGLm + R − 2Λ
+
α
4
(
RMNKLRMNKL − 4RMNRMN + R2
))
(1)
with M,N,K, L = 0, 1, 2, 3, 4 and matter Lagrangian
Lm = −14FMNF
MN − (DMψ)∗ DMψ − m2ψ∗ψ , (2)
where FMN = ∂MAN − ∂NAM is the U(1) field strength
tensor, DMψ = ∂Mψ− ieAMψ is the covariant derivative,
Λ = −6/L2 is the cosmological constant, G Newton’s
constant, α the Gauss–Bonnet coupling, e the gauge
coupling and m2 the mass of the scalar field ψ. We
have added a Gauss-Bonnet term in order to be able
to construct solutions away from “pure” General Rel-
ativity which corresponds to studying 1/N corrections
in the dual theory. The motivation within the appli-
cation of holographic superconductors is the Coleman-
Mermin-Wagner theorem [15] which states that spon-
taneous symmetry breaking of a continuous symmetry
is forbidden in (2+1) dimensions at finite temperature.
In contrast to that holographic superconductors as duals
of black holes in Einstein gravity have been constructed
[4]. The question is then whether higher order curva-
ture corrections can suppress condensation. This has
been addressed in the “probe limit” in [16]. Here, we
are interested in the full back-reacted case.
We are considering static solutions and hence choose
the following Ansatz for the metric
ds2 = − f (r)a2(r)dt2 + 1
f (r)
dr2 +
r2
L2
dΣ2k,3 (3)
with dΣ2−1,3 = dΞ
2
3 for the hyperbolic case (k = −1),
dΣ20,3 = dx
2 + dy2 + dz2 for the flat case (k = 0) and
dΣ21,3 = dΩ
2
3 for the spherical case (k = 1). For the
matter fields we have
AMdxM = φ(r)dt , ψ = ψ(r) . (4)
Note that ψ(r) can be chosen to be real due to U(1)
gauge invariance of the model. The resulting system of
ordinary differential equations has to be solved numeri-
cally subject to appropriate boundary conditions. On the
AdS boundary the matter functions have the following
behaviour
φ(r  1) = µ − Q
r2
, ψ(r  1) = ψ−
rλ−
+
ψ+
rλ+
(5)
where λ± = 2 ±
√
4 + m2L2eff with effective AdS radius
L2eff ≡ 2α1−√1−4α/L2 ∼ L
2
(
1 − α/L2 + O(α2)
)
. µ corre-
sponds to the chemical potential and Q to the charge for
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k = 1 and to the charge density for k = −1, 0, respec-
tively. The metric functions fulfill
f (r  1) = k + r
2
L2eff
+
f2
r2
+ O(r−4) (6)
a(r  1) = 1 + a4
r4
+ O(r−6) , (7)
where f2, a4 are constants that have to be determined
numerically. The energy E per unit three volume V3 can
be given in terms of these constants and reads
E/V3 =
√
1 − α/L2(−3 f2 − 8a4/L2eff). (8)
The free energy then is F = E − TS − µQ, where
T =
f ′(rh)a(rh)
4pi
,
S
V3
=
r3h
4G
(1 − 6α/r2h) (9)
are the temperature and entropy of a black hole with
horizon radius rh, respectively.
For m2 > m2BF,2 the black holes do not form scalar
hair and hence ψ(r) ≡ 0. In this case an explicit solution
of the coupled equations exists. This is given by [17,
18, 19, 20]
φ(r) =
Q
r2h
− Q
r2
, a(r) ≡ 1
f (r) = k + (10)
+
r2
2α
1 −
√
1 − 4α
L2
+
4αM
r4
− 64piαGQ
2
r6
 .
In the following, we will discuss black hole and soliton
solutions with scalar hair which can only be obtained
numerically. The limit G = 0 (which corresponds to
e = ∞ due to scaling symmetries present in the model)
is often called the “probe limit” in the context of holo-
graphic applications. In this case, the space-time is fixed
and does not back-react on the matter fields. But even in
this case, the resulting coupled scalar-gauge field equa-
tions have to be solved numerically.
2.1. Hyperbolic case, k = −1
Here we consider uncharged black holes (Q = 0)
and an uncharged scalar field (e = 0). The uncharged
k = −1 case is interesting since (other than the k = 0, 1
cases) it possesses an extremal limit. It has been con-
sidered in [21] as a toy-model for uncharged rotating
black holes. The extremal solution has T = 0 and
r(ex)h = L/
√
2. Close to extremality the near-horizon
topology is AdS2 × H3 [22]. In [13] we studied hy-
perbolic Gauss-Bonnet black holes. We found that the
near-horizon geometry in the extremal limit contains
an AdS2 factor, where the curvature radius is given by
R =
√
L2/4 − α. For m2 larger than m2BF,5 = −4/L2eff
but smaller than m2BF,2 = −1/(4R2) we would thus ex-
pect the black holes to become unstable with respect to
scalar hair formation at the horizon. That is what we
have shown numerically in [13]. We find that the black
holes with scalar hair are thermodynamically preferred
since their free energy is always lower than that of the
black holes without scalar hair. We also observed that
the larger the Gauss-Bonnet coupling α the lower is the
temperature T at which the instability appears.
2.2. Planar case, k = 0
The planar case has applications to high-temperature
superconductivity (see e.g. [4] and references therein).
The reason for this is that on the boundary of AdS
with r → ∞ the strongly coupled dual theory “lives”
on a plane and high-temperature superconductivity is
mainly associated to 2-dimensional layers within the su-
perconducting material, e.g. to the copper-oxide planes
in a cuprate superconductor. As such the formation
of scalar hair on a charged AdS black hole has been
associated to a conductor/superconductor phase transi-
tion. Interestingly, this model also allows soliton solu-
tions. These are obtained by double Wick-rotating the
Schwarzschild-AdS solution. This solution has a peri-
odic coordinate which is necessary to avoid a conical
singularity. Since solitons do not have a temperature as-
sociated to them, this model can be considered at any T ,
in particular at T = 0. As shown in [23] this soliton has
a strictly positive and discrete spectrum and as such pos-
sesses an energy gap. However, the soliton becomes un-
stable to the formation of scalar hair if the chemical po-
tential is large enough [24, 25, 26]. This has been inter-
preted as a holographic insulator/superconductor phase
transition. Note that these transitions are in particular
possible at T = 0 which corresponds to a quantum phase
transition that is driven by quantum - not thermal - fluc-
tuations. Comparing the soliton and black hole solu-
tions with and without scalar hair with respect to their
free energy (in the canonical ensemble) it is then pos-
sible to decide which phase dominates at a given tem-
perature and chemical potential [25, 26]. The resulting
phase diagrams possess two triple points at small values
of the back-reaction. However, at large back-reaction
one phase disappears completely from the phase dia-
gram and the qualitative features resemble closely those
of the phase diagrams of high-temperature supercon-
ductors. Furthermore, new type of phase transitions can
be predicted.
Even in the back-reacted case and in the presence of
the Gauss-Bonnet term black holes form scalar hair for
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T > 0. In the AdS/CFT language this means that the
condensation gets harder away from the probe and the
N → ∞ limit, respectively, but that condensation cannot
be suppressed [14].
2.3. Spherical case, k = 1
Here we discuss solutions in asymptotic global AdSd.
As was shown in [27, 28, 11] soliton solutions with
scalar hair can be constructed in this case. However,
these exist only on a limited domain of the Q-e2-plane.
At a critical value of e which depends on both Q as well
as on the Gauss-Bonnet coupling α the numerical re-
sults suggest that the soliton with scalar hair reaches a
singular solution with a(0) → 0. Furthermore, it was
found [11] that the range of allowed Q and e values is
enlarged when including a Gauss-Bonnet term.
Black hole solutions with scalar hair also exist in this
case. For α = 0 these tend to the soliton solutions in
the limit rh → 0, while for α > 0 the behaviour in this
limit depends strongly on the size of the Gauss-Bonnet
coupling. For small α solutions exist all the way down
to rh → 0 suggesting that they tend to the correspond-
ing Gauss-Bonnet soliton. However, the results in [11]
suggest that while a corresponding Gauss-Bonnet soli-
ton exists for the given parameters, the black hole does
not tend to this solution in the limit rh → 0. For α large,
on the other hand, the black hole solutions tend to a so-
lution with a(rh) → 0 at a critical and non-vanishing
value of the black hole horizon radius rh. However, this
limiting solution can not be an extremal Gauss-Bonnet
black hole with scalar hair. It was shown in [11] that ex-
tremal Gauss-Bonnet black holes do not support scalar
hair in their near-horizon geometry.
2.4. Connection between the k = 0 and the k = 1 case
It was realized in [29] for α = 0 and in [11] for α , 0
that the k = 1 and the k = 0 AdS black holes are con-
nected to each other. Applying a rescaling r → λr,
t → λ−1t, M → λ4M, Q→ λ3Q for a k = 1 solution and
letting λ→ ∞ we recover the k = 0 solution. This limit
was hence called “the planar limit” [29]. For λ→ ∞ we
obviously have Q → ∞ and the solution becomes com-
parable in size to the AdS radius of the space-time. This
is possible because the electromagnetic repulsion is bal-
anced by the gravitational attraction present in AdS.
3. Conclusion
As shown in this talk there are two mechanism that
can make AdS black holes unstable to scalar hair for-
mation. An uncharged scalar field can form on a near-
extremal black hole with an AdS2 factor in its near hori-
zon geometry. The example discussed here is an un-
charged, static black hole with hyperbolic horizon. This
seems to be a generic feature of near-extremal black
holes and is fundamentally connected to the fact that the
BF bound decreases with increasing space-time dimen-
sion d. This applies also to other type of black hole
solutions that have a near-horizon geometry contain-
ing an AdS2 factor. It would be interesting to see how
these results extend to rotating and even time-dependent
black holes. First steps in this respect have been done in
[21, 30, 10], but a lot of work is still necessary.
A black hole becomes unstable to the formation of a
charged scalar field on its horizon due to the coupling
of the scalar field to a gauge field and hence the appear-
ance of an r-dependent effective mass term. The exam-
ples discuss here are black holes with planar and spheri-
cal horizon topology. Remarkably, the black holes with
scalar hair are thermodynamically preferred.
Black holes and their corresponding solitonic coun-
terparts in planar AdS have been used to describe con-
densed matter phenomena holographically. In this ap-
proach the scalar field has been considered to be an or-
der parameter that vanishes above a critical temperature
for black holes and below a critical chemical potential
for solitons. In the case of the charged scalar field the
e = 0 limit is special. In this limit, the scalar field
must be chosen complex (due to the global U(1) sym-
metry present in the model). Typically, the scalar field
is parametrized with a time-dependent phase and the re-
sulting solutions are AdS boson stars [31, 32, 33, 34].
These solutions have recently played an important roˆle
in the study of the stability of the AdS space-time. In
[35] evidence for instabilities of asymptotically AdS to
the formation of black holes was claimed. Following
this investigation, the stability of boson stars in AdS was
studied (see e.g. [36, 37, 38]) and it was shown that AdS
boson stars are non-pertubatively stable [36].
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